The paper deals with the problem of labeling the vertices and edges of a plane graph in such a way that the labels of the vertices and edges surrounding that face add up to a weight of that face. A labeling of a plane graph is called d-antimagic if for every positive integer s, the s-sided face weights form an arithmetic progression with a difference d. Such a labeling is called super if the smallest possible labels appear on the vertices. In the paper we examine the existence of such labelings for several families of plane graphs.
Introduction
Let G = (V, E, F ) be a finite connected plane graph without loops and multiple edges, where V , E and F are its vertex set, edge set and face set, respectively. Let |V (G)| = p, |E(G)| = q and |F (G)| = r be the number of the vertices, the edges and the faces, respectively.
A labeling of type (1, 1, 1) assigns labels from the set {1, 2, . . . , p+q +r} to the vertices, edges and faces of a plane graph G in such a way that each vertex, edge and face receives exactly one label and each number is used exactly once as a label.
Edge-antimagic labelings of paths
Let P n be the path on n vertices. It is known (see [9] ), that P n is super (a, d)-edge-antimagic total if and only if d ≤ 3. We denote the vertices of P n by v 1 , v 2 , . . . , v n and describe these labelings α n d : V (P n ) ∪ E(P n ) → {1, 2, . . . , 2n − 1} in the following way.
a) The super (2n + The set of edge-weights of P n consists of the consecutive integers c) The super (n + n 2 + 3, 2)-edge-antimagic total labeling α n 2 of P n :
for i ≡ 1 (mod 2),
The edge-weights of P n constitute the arithmetic progression of difference 2:
d) The super (n + 4, 3)-edge-antimagic total labeling α n 3 of P n :
The edge-weights of P n constitute the arithmetic progression of difference 3:
Now, we define the super (a, d)-edge-antimagic total labelings of P n also for negative differences d in the following way
where k = 0, 1, 2, 3.
In this paper we will use also (a, d)-edge-antimagic vertex labelings of P n for two differences d = 1 and d = 2. These labelings β n d : V (P n ) → {1, 2, . . . , n} we define in the following way:
e) The ( n 2 + 2, 1)-edge-antimagic vertex labeling β n 1 of P n :
The set of edge-weights of P n consists of the consecutive integers
f) The (3, 2)-edge-antimagic vertex labeling β n 2 of P n :
The (a, d)-edge-antimagic vertex labelings of P n for d negative we define as follows
where l = 1, 2.
Partitions with determined differences
For construction of vertex and edge labelings of plane graphs we will use the partitions of a set of integers with determined differences.
Let n, k, d and i be positive integers. We will consider the partition P n k,d of the set {1, 2, . . . , kn} into n, n ≥ 2, k-tuples such that the difference between the sum of the numbers in the (i+1)th k-tuple and the sum of the numbers in the ith k-tuple is always equal to the constant d, where i = 1, 2, . . . , n − 1. Thus they form an arithmetic sequence with the difference d. By the symbol P k,d (i) we denote the ith k-tuple in the partition with the difference d, where i = 1, 2, . . . , n.
Let P If k = 2 then we have several partitions of the set {1, 2, . . . , 2n}. Let us define the partitions into 2-tuples in the following way:
Moreover, for 3 ≤ n ≡ 1 (mod 2)
Note that we are also able to obtain the partitions into 2-tuples P n 2,0 (i) and P n 2,2 (i) as P n 1,s (i) ∪ P n 1,t (i) ⊕ n , where s, t = ±1. We can use this idea to construct the other partitions. More precisely,
For example, we are able to obtain P n 3,d (i) from the partitions P n 1,s (i), s = ±1 and P n 2,t (i), t = 0, ±2, ±4 and also t = ±1 for n odd. It means, P n 3,d exists for d = ±1, ±3, ±5 and if n ≡ 1 (mod 2) also for d = 0, ±2. Moreover, we are able to construct P n 3,9 in the following way
Thus P n 3,d exists for d = ±1, ±3, ±5, ±9 and if n ≡ 1 (mod 2) also for d = 0, ±2. For the partition into 4-tuples we can use the following fact
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where C n k,d is a constant depending on the parameters k and d.
d-antimagic labelings for certain families of plane graphs
In this section, we shall use the edge-antimagic labelings of paths P n and the partitions of the set {1, 2, . . . , kn} with determined differences described in the previous two sections to examine the existence of a super d-antimagic labeling for several families of plane graphs.
The friendship graph F n is a set of n triangles having a common central vertex, say v, and otherwise disjoint. The friendship graph F n has 2n vertices of degree 2, say v i , u i for i = 1, 2, . . . , n, and 3n edges, say v i v, u i v, v i u i for i = 1, 2, . . . , n. Let us define the 3-sided face f i , i = 1, 2, . . . , n, as the face bounded by the edges vv i , v i u i and u i v and let f be the external unbounded face. Proof. We define the bijection g 1 : V (F n ) ∪ E(F n ) → {1, 2, . . . , 5n + 1} as follows:
where k = 0, ±2, ±4 or for n ≡ 1 (mod 2) also k = ±1, and l = ±1, ±3, ±5, ±9 or for n ≡ 1 (mod 2) also l = 0, ±2. It is not difficult to check that the vertices are labeled by the smallest possible numbers 1, 2, . . . , 2n + 1. Moreover, for the weight of the face f i , i = 1, 2, . . . , n, we obtain
As k = 0, ±2, ±4 or for n ≡ 1 (mod 2) also k = ±1, and l = ±1, ±3, ±5, ±9 or for n ≡ 1 (mod 2) also l = 0, ±2, we obtain that k + l ∈ {1, 3, 5, 7, 9, 11, 13} and for n odd we also get k + l ∈ {0, 2, 4, 6, 8, 10}. Thus under the labeling g 1 the weights of the 3-sided faces form an arithmetic sequence with the desired difference, which completes the proof.
If we replace every edge v i u i , i = 1, 2, . . . , n, of the friendship graph F n by a path of length two with vertices v i , w i , u i , then we obtain a graph, say B n , with the vertex set V (B n
Proof. We define the bijection g 2 : V (B n ) ∪ E(B n ) → {1, 2, . . . , 7n + 1} in the following way:
It is not difficult to see that the vertices are labeled by the numbers 1, 2, . . . , 3n + 1. Moreover, for the weight of the face f i , i = 1, 2, . . . , n, we have
where k = ±1, ±3, ±5, ±9 or for n ≡ 1 (mod 2) also k = 0, ±2, and l = 0, ±2, ±4, ±6, ±8, ±10, ±16 or for n ≡ 1 (mod 2) also l = ±1, ±3, ±5. It means that g 2 is a super d-antimagic labeling of type (1, 1, 0) of B n , for d = 1, 3, 5, . . . , 21, 25 and if n ≡ 1 (mod 2) then d = 0, 2, 4, . . . , 18.
A triangular snake E n is a triangular cactus whose block-cutpoint graph is a path, i.e. E n is obtained from a path v 1 , v 2 , . . . , v n+1 by joining v i and v i+1 to a new vertex u i , for i = 1, 2, . . . , n. Let f i be the 3-sided face, i = 1, 2, . . . , n, bounded by the edges v i u i , u i v i+1 and v i v i+1 . We denote the external unbounded face by the symbol f . Proof. Define the bijection g 3 : V (E n ) ∪ E(E n ) → {1, 2, . . . , 5n + 1} as follows:
The labeling g 3 assigns the numbers 1, 2, . . . , 2n + 1 to the vertices of the graph E n . For the weight of the face f i , i = 1, 2, . . . , n, we have
where k = 0, ±1, ±2, ±3 and l = ±1, ±3, ±5, ±9, moreover for n ≡ 1 (mod 2) also l = 0, ±2. Analogously as in the proof of the previous theorem we obtain that for d ∈ {0, 1, 2, . . . , 12} the bijection g 3 is a super d-antimagic labeling of type (1, 1, 0) of the graph E n .
If we replace every edge v i v i+1 , i = 1, 2, . . . , n, of the triangular snake E n by a path of length two with vertices v i , w i , v i+1 , then we obtain a graph, say G n , with the vertex set V (G n ) = {v 1 , v 2 , . . . , v n+1 , u 1 , u 2 , . . . , u n , w 1 , w 2 , . . . w n } and the edge set E( Proof. Define the bijection g 4 : V (G n ) ∪ E(G n ) → {1, 2, . . . , 7n + 1} in the following way:
It is easy to verify that the labeling g 4 assigns integers 1, 2, . . . , 3n + 1 to the vertices. By direct computation we obtain that the weight of the face f i , i = 1, 2, . . . , n, admits a value
where k = ±1, ±2, l = 0, ±2, ±4 and m = 0, ±2, ±4, ±6, ±8, ±10, ±16. After some manipulations we obtain that there exists a super d-antimagic labeling of the graph G n for every difference d ∈ {0, 1, 2, . . . , 22}.
Let ladder L n be a Cartesian product L n P n × P 2 of a path on n vertices with a path on two vertices. Let V (L n ) = {v 1 , v 2 , . . . , v n , u 1 , u 2 , . . . , u n } be the vertex set and E(L n ) = {v i v i+1 , u i u i+1 : i = 1, 2, . . . , n − 1} ∪ {v i u i : i = 1, 2, . . . , n} be the edge set of ladder. Let us define the 4-sided face f i , i = 1, 2, . . . , n, as the face bounded by the edges v i v i+1 , v i+1 u i+1 , u i u i+1 and v i u i and let f be the external unbounded face.
. . , 5n − 2} as follows:
It is a routine procedure to verify that the vertices are labeled by the smallest possible numbers 1, 2, . . . , 2n. Moreover, for the weight of the face f i , i = 1, 2, . . . , n − 1, we obtain
As k = ±1, ±2, l = ±1, ±2, m = ±1, ±2 and t = 0, ±2, ±4 we obtain that k + l + m + t ∈ {0, 1, 2, 3, . . . , 10}. This completes the proof.
Another variation of a ladder graph is specified as follows. A ladder L n , n ≥ 2, is a graph obtained by completing the ladder L n P n × P 2 by n − 1 edges such that V (L n ) = {v 1 , v 2 , . . . , v 2n } is the vertex set and E(L n ) = {v 1 v 2 , v 2 v 3 , . . . , v 2n−1 v 2n , v 1 v 3 , v 2 v 4 , . . . , v 2n−2 v 2n } is the edge set. Proof. Construct the bijective function g 6 : V (L n ) ∪ E(L n ) → {1, 2, . . . , 6n − 1} in the following way:
The reader can easily verify that the labeling g 6 assigns integers 1, 2, . . . , 2n to the vertices and a weight of the face f i , i = 1, 2, . . . , 2n − 2, is
Since k = ±1, ±2, and l = ±1 we are able to show that 3 + k + l ∈ {0, 1, 2, . . . , 6}. This implies that the labeling g 6 is a super d-antimagic labeling of type (1, 1, 0) for d ∈ {0, 1, 2, . . . , 6} of the graph L n .
If we replace every edge v i v i+1 (respectively, every edge u i u i+1 ), i = 1, 2, . . . , n−1, of the ladder L n P n × P 2 by a path of length two with vertices v i , w i , v i+1 (respectively, u i , w n−1+i , u i+1 ) then we obtain a graph, say H n , with the vertex set V (H n ) = {v 1 , v 2 , . . . , v n , u 1 , u 2 , . . . , u n , w 1 , w 2 , . . . , w 2n−2 } and the edge set E(H n ) = {v i w i , w i v i+1 , u i w n−1+i , w n−1+i u i+1 : i = 1, 2, . . . , n− 1} ∪ {v i u i : i = 1, 2, . . . , n}.
Let us define the 6-sided face f i , i = 1, 2, . . . , n − 1, as the face bounded by the edges v i w i , w i v i+1 , v i+1 u i+1 , u i+1 w n−1+i , w n−1+i u i , u i v i and let f be the external unbounded face. Theorem 4.7. The graph H n , n ≥ 2, admits a super d-antimagic labeling of type (1, 1, 0) for d ∈ {0, 1, 2, . . . , 26}.
Proof. We define the bijection g 7 : V (H n ) ∪ E(H n ) → {1, 2, . . . , 9n − 2} in the following way:
It is easy to see that the vertices of H n are labeled by the smallest possible integers 1, 2, . . . , 4n − 2. For the weight of the face f i , i = 1, 2, . . . , n − 1, we get www.ejgta.org Since k = ±1, ±2, l = ±1, ±2, m = 0, ±2, ±4, t = ±1, ±2 and s = 0, ±2, ±4, ±6, ±8, ±10, ±16 we get that k + l + m + t + s ∈ {0, 1, 2, . . . , 26}. Thus g 7 is the required super d-antimagic labeling of type (1, 1, 0) of the graph H n . This completes the proof.
Concluding Remarks
In the foregoing section we studied the super d-antimagic labelings for the seven families of plane graphs. We have shown that there exist super d-antimagic labelings of type (1, 1, 0) for these graphs for wide variety of difference d. We conclude with the following open problems. 
